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Abstract
We give general characterizations for uniform exponential stability of linear skew-product flows.
We present a unified treatment for discrete and integral conditions for uniform exponential stability.
As applications, for the particular case of evolution families, we generalize some results due to
Przyluski, Rolewicz and Zabczyk.
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1. Introduction
The study of the uniform exponential stability of evolution equations received an im-
portant contribution when Rolewicz (see [17]) formulated the following characteriza-
tion:
Theorem 1.1. Let N : R∗+ ×R+ → R+ be a function such that for every t > 0, s → N(t, s)
is a continuous nondecreasing function, with N(t,0) = 0, N(t, s) > 0, for all s > 0, and
for every s  0, t → N(t, s) is nondecreasing. Let U = {U(t, s)}ts0 be an evolution
family on a Banach space X such that for every x ∈ X, the mapping (t, s) → U(t, s)x is
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sup
s0
∞∫
s
N
(
α(x),
∥∥U(t, s)x∥∥)dt < ∞
then U is uniformly exponentially stable.
This result is a generalization for a stability theorem due to Datko (see [5]). In addition,
it extends a theorem of discrete type for uniform exponential stability of C0-semigroups
presented by Zabczyk in [20] and given by
Theorem 1.2. A C0-semigroup T = {T (t)}t0 on the Banach space X is uniformly
exponentially stable if and only if there is a strictly increasing continuous convex function
N : R+ → R+ with N(0) = 0 such that for every x ∈ X there is α(x) > 0 with
∞∑
n=0
N
(
α(x)
∥∥T (n)x∥∥)< ∞.
A version of the above theorem for discrete evolution families has been obtained by
Przyluski and Rolewicz in [16]:
Theorem 1.3. Let ∆ = {(m,n) ∈ N2: m  n}. A discrete evolution family Φ =
{Φ(m,n)}(m,n)∈∆ on a Banach space X is uniformly exponentially stable if and only if
there is p ∈ [1,∞) such that for every x ∈ X
sup
n∈N
∞∑
k=n
∥∥Φ(k,n)x∥∥p < ∞.
Taking into account that an evolution family U = {U(t, s)}ts0 is uniformly
exponentially stable if and only if the discrete evolution family ΦU = {Φ(m,n)}(m,n)∈∆
associated to it is uniformly exponentially stable, Theorem 1.3 represents a characterization
for uniform exponential stability of general evolution families.
In recent years, the theory of linear skew-product flows had an impressive development.
Very general nonlinear equations has been modelled using linear skew-product flows (see
[1,6,7,14,15]). In this context, many open problems have been solved and significant
questions have been answered (see [1–3,6–15,18,19]). An explosive progress has been
made in the study of the asymptotic behaviour of linear skew-product flows. Thus, new
concepts of exponential dichotomy have been introduced and analyzed (see [1–3,7,8,10,
12,14,18]). Classical theorems of Perron type – in terms of input-output conditions – for
stability, expansiveness and dichotomy, respectively, have been extended for this new case
considering diverse equations on Banach sequence spaces and on Banach function spaces
(see [1–3,8,10–14]).
The aim of this paper is to obtain very general characterizations for uniform exponential
stability of linear skew-product flows. First we analyze the most general case of linear
skew-product flows which have no continuity properties and we give necessary and
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flows. Thus, we extend for the case of linear skew-product flows some results due to
Przyluski and Rolewicz, and due to Zabczyk, respectively. Next, for the case of strongly
continuous linear skew-product flows, we deduce integral characterizations, generalizing
the theorem of Rolewicz. As applications, we obtain discrete and integral characterizations
for uniform exponential stability of evolution families.
2. Preliminaries
Let X be a Banach space, let (Θ,d) be a metric space and let E = X × Θ . We denote
by L(X) the Banach algebra of the bounded linear operators from X into itself.
Definition 2.1. Let J ∈ {R+,R}. A continuous mapping σ :Θ × J → Θ is called a flow
on Θ , if σ(θ,0) = θ and σ(θ, s + t) = σ(σ(θ, s), t), for all (θ, s, t) ∈ Θ × J 2.
Definition 2.2. A pair π = (Φ,σ) is called a linear skew-product flow on E = X ×Θ if σ
is a flow on Θ and Φ :Θ × R+ → L(X) satisfies the following conditions:
(i) Φ(θ,0) = I , the identity operator on X, for all θ ∈ Θ;
(ii) Φ(θ, t + s) = Φ(σ(θ, s), t)Φ(θ, s), for all (θ, t, s) ∈ Θ × R2+ (the cocycle identity);
(iii) there are M  1 and ω > 0 such that ‖Φ(θ, t)‖Meωt , for all (θ, t) ∈ Θ × R+.
If, in addition, for every (x, θ) ∈ E , the mapping t → Φ(θ, t)x is continuous, then π is said
to be a strongly continuous linear skew-product flow.
If π = (Φ,σ) is a linear skew-product flow, then the mapping Φ is called the cocycle
associated with the linear skew-product flow π .
Classical examples of linear skew-product flows arise as operator solutions for
variational equations. Indeed, let Θ be a locally compact metric space, let σ be a flow
on Θ and let {A(θ)}θ∈Θ be a family of densely defined closed operators on X. A strongly
continuous cocycle Φ is said to be a solution for the variational equation
x˙(t) = A(σ(θ, t))x(t), (θ, t) ∈ Θ × R+ (A)
if for every θ ∈ Θ , there is a dense subset Dθ ⊂ D(A(θ)) such that for every xθ ∈ Dθ ,
the mapping t → x(t) := Φ(θ, t)xθ is differentiable on R+, for every t ∈ R+ x(t) ∈
D(A(σ(θ, t))) and t → x(t) satisfies the differential equation (A).
Example 2.1. Let J ∈ {R,R+} and let C(J,R) be the space of all continuous functions
f :J → R, which is metrizable with respect to the metric
d(f,g) =
∞∑
n=1
1
2n
dn(f, g)
1 + dn(f, g)
where dn(f, g) = supt∈[−n,n]∩J |f (t) − g(t)|. Let a :J → R+ be a continuous increasing
function with limt→∞ a(t) < ∞. If as(t) = a(t + s) and Θ is the closure of {as : s ∈ J } in
C(J,R), then the mapping σ :Θ × J → Θ , σ(θ, t)(s) := θ(t + s), is a flow on Θ .
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boundary conditions:

∂y
∂t
(t, ξ) = θ(t) ∂2y
∂ξ2
(t, ξ), t > 0, ξ ∈ (0,1),
y(0, ξ) = y0(ξ), ξ ∈ (0,1),
∂y
∂ξ
(t,0) = ∂y
∂ξ
(t,1) = 0, t > 0.
(S)
Let X = L2(0,1), which is a separable Hilbert space with respect to the inner product
〈x, y〉 =
1∫
0
x(ξ)y(ξ) dξ.
If ϕ0 = 1 and
ϕn(ξ) =
√
2 cosnπξ, ∀ξ ∈ [0,1],∀n ∈ N∗,
then {ϕn}n0 is an orthonormal basis in X.
Let D(A) = {x ∈ H 2(0,1): x˙(0) = x˙(1) = 0} and let A :D(A) ⊂ X → X, Ax = d2
dξ2
x .
The operator A generates a C0-semigroup T = {T (t)}t0, given by
T (t)x =
∞∑
n=0
e−n2π2t 〈x,ϕn〉ϕn, ∀x ∈ X, ∀t  0.
For every θ ∈ Θ , let A(θ) := θ(0)A. Then (S) can be rewritten in X as{
x˙(t) = A(σ(θ, t))x(t), t  0,
x(0)= x0. (S˜)
Then a simple calculus shows that
Φ :Θ × R+ →L(X), Φ(θ, t)x = T
( t∫
0
θ(s) ds
)
x
is a cocycle and π = (Φ,σ) is a strongly continuous linear skew-product flow on E =
X ×Θ . Moreover, for every x0 ∈ D(A)
x(t) = Φ(θ, t)x0, t  0,
is the strong solution of the system (S˜).
A trivial example of linear skew-product flow is:
Example 2.2. Let J ∈ {R+,R}, Θ = J , σ(θ, t) = θ + t and let U = {U(t, s)}t,s∈J, ts
be an evolution family on the Banach space X. We define Φ(θ, t) = U(t + θ, θ), for all
(θ, t) ∈ Θ × R+. Then π = (Φ,σ) is a linear skew-product flow on π = (Φ,σ) called the
linear skew-product flow generated by the evolution family U .
Other examples of linear skew-product flows can be found in [1–3,6–8,12,14,15,18].
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there are K  1 and ν > 0 such that∥∥Φ(θ, t)∥∥Ke−νt , ∀t  0.
Lemma 2.1. Let π = (Φ,σ) be a linear skew-product flow on E . If there are t0 > 0 and
r ∈ (0,1) such that ‖Φ(θ, t0)‖ r, for all θ ∈ Θ , then π is uniformly exponentially stable.
Proof. It is a simple exercise. 
3. Main results
Let X be a Banach space, let Θ be a metric space and let E = X × Θ . For every x ∈ X
and every r > 0, let D(x, r) = {y ∈ X: ‖x − y‖ r}.
Throughout this paragraph we denote by F the set of all nondecreasing functions
N : R+ → R+ with N(0) = 0 and N(t) > 0, for all t > 0.
Theorem 3.1. Let π = (Φ,σ) be a linear skew-product flow on E . Then π is uniformly
exponentially stable if and only if there are a function N ∈ F , a sequence (tn) ⊂ R+,
x0 ∈ X and two constants K , δ ∈ (0,∞) such that:
(i) supn∈N |tn+1 − tn| < ∞;
(ii) supθ∈Θ
∑∞
n=0 N(‖Φ(θ, tn)x‖)K, for all x ∈ D(x0, δ).
Proof. Necessity. It results for x0 = 0, δ > 0, N(t) = t , for all t  0 and tn = n, for all
n ∈ N.
Sufficiency. Case 1. If (tn) is bounded let T = supn∈N tn and let M  1, ω > 0 be given
by Definition 2.2.
Let x ∈ D(x0, δ) and let c = MeωT . Then, we have that
nN
(∥∥∥∥Φ(θ,T )xc
∥∥∥∥
)

n∑
k=1
N
(∥∥Φ(θ, tk)x∥∥)K, ∀(n, θ) ∈ N∗ ×Θ.
It follows that Φ(θ,T )x = 0, for all (x, θ) ∈ D(x0, δ)×Θ .
Let x ∈ X \ {0} and let x1 = δx/‖x‖. Then Φ(θ,T )x1 = Φ(θ,T )(x1 + x0) −
Φ(θ,T )x0 = 0. It follows that Φ(θ,T ) = 0, for all θ ∈ Θ , so π is uniformly exponentially
stable.
Case 2. If supn∈N tn = ∞ without loss of generality we may assume that (tn) is a
nondecreasing sequence (if not, we consider a subsequence with this property and the
proof is analogous).
Let r = supn∈N(tn+1 − tn) and let n0 ∈ N∗ such that K < n0N(1). If M,ω are given by
Definition 2.2 let M˜ = Meωn0r .
For (x, θ) ∈ D(x0, δ)× Θ and n n0, we have that
n0N
(∥∥∥∥Φ(θ, tn) x
M˜
∥∥∥∥
)

n∑
j=n−n +1
N
(∥∥Φ(θ, tj )x∥∥)K.0
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Let x ∈ X with ‖x‖ 1. Since∥∥Φ(θ, tn)δx∥∥ ∥∥Φ(θ, tn)(δx + x0)∥∥+ ∥∥Φ(θ, tn)x0∥∥ 2M˜, ∀n n0,
we obtain that
∥∥Φ(θ, tn)x∥∥ 2M˜
δ
, ∀(x, θ) ∈ D(0,1)×Θ, ∀n n0,
so
∥∥Φ(θ, tn)∥∥ 2M˜
δ
, ∀θ ∈ Θ, ∀n n0.
Denoting by L1 = 2M˜/δ+Meωtn0 it follows that ‖Φ(θ, tn)‖ L1, for all (θ, n) ∈ Θ ×N.
Let t  t0. Then there is n ∈ N such that tn  t  tn+1. We obtain that∥∥Φ(θ, t)∥∥Meωr∥∥Φ(θ, tn)∥∥ L1Meωr .
If L = max{Meωt0,L1Meωr }, then∥∥Φ(θ, t)∥∥ L, ∀(θ, t) ∈ Θ × R+.
Let p0 ∈ N∗ such that p0 >K/N(δ/4L). Let x ∈ D(x0L , δL ) and θ ∈ Θ . We have that
N
(∥∥Φ(θ, tp0)x∥∥)N(L∥∥Φ(θ, tn)x∥∥), ∀n ∈ {1, . . . , p0}.
This implies that
p0N
(∥∥Φ(θ, tp0)x∥∥)
p0∑
n=1
N
(∥∥Φ(θ, tn)Lx∥∥)K.
Taking into account the way p0 was chosen it follows that
∥∥Φ(θ, tp0)x∥∥ δ4L, ∀(x, θ) ∈ D
(
x0
L
,
δ
L
)
×Θ. (3.1)
Let θ ∈ Θ and x ∈ X with ‖x‖ 1. From (3.1) we deduce that∥∥∥∥Φ(θ, tp0)
(
δx
L
)∥∥∥∥
∥∥∥∥Φ(θ, tp0)
(
x0
L
+ δx
L
)∥∥∥∥+
∥∥∥∥Φ(θ, tp0)
(
x0
L
)∥∥∥∥ δ2L.
In conclusion, we obtain that
∥∥Φ(θ, tp0)x∥∥ 12‖x‖, ∀(x, θ) ∈ X ×Θ.
By Lemma 2.1 we obtain that π is uniformly exponentially stable. 
In what follows we denote by C the set of all continuous functions N ∈F .
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for every m ∈ N∗, let (tmn )n∈N ⊂ R+ be a sequence such that
sup
n∈N
|tmn+1 − tmn | < ∞.
If for every x ∈ X there is m ∈ N∗ such that
sup
θ∈Θ
∞∑
n=0
Nm
(∥∥Φ(θ, tmn )x∥∥)< ∞
then π is uniformly exponentially stable.
Proof. For every (m, k) ∈ N∗ × N∗, we consider the set
Λm,k =
{
x ∈ X: sup
θ∈Θ
∞∑
n=0
Nm
(∥∥Φ(θ, tmn )x∥∥) k
}
.
Let (m, k) ∈ N∗ × N∗. For every (p, θ) ∈ N∗ ×Θ , we define the set
Γ
m,k
p,θ =
{
x ∈ X:
p∑
j=0
Nm
(∥∥Φ(θ, tmj )x∥∥) k
}
.
We prove that Γ m,kp,θ is closed. Therefore, let (xn) ⊂ Γ m,kp,θ with limn→∞ xn = x and let
ε > 0. We denote by
L = sup
j∈{0,...,p}
∥∥Φ(θ, tmj )∥∥
and by Tx = L‖x‖ + 1. Using the continuity of Nm on [0, Tx] it follows that there exists
rx ∈ (0,1) such that for every s1, s2 ∈ [0, Tx] with |s1 − s2| rx we have∣∣Nm(s1)−Nm(s2)∣∣< ε
p + 1 .
Let n0 ∈ N such that ‖xn0 − x‖  rx/L. Then we deduce that ‖Φ(θ, tmj )x‖,
‖Φ(θ, tmj )xn0‖ ∈ [0, Tx] and∣∣∥∥Φ(θ, tmj )x∥∥− ∥∥Φ(θ, tmj )xn0∥∥∣∣ ∥∥Φ(θ, tmj )(x − xn0)∥∥ rx, ∀j ∈ {0, . . . , p}.
It follows that
p∑
j=0
Nm
(∥∥Φ(θ, tmj )x∥∥)
p∑
j=0
Nm
(∥∥Φ(θ, tmj )xn0∥∥)+ ε  k + ε.
Since ε > 0 was arbitrary, we deduce that x ∈ Γ m,kp,θ , so Γ m,kp,θ is closed, for every (p, θ) ∈
N∗ ×Θ . From
Λm,k =
⋂
θ∈Θ
⋂
p∈N∗
Γ
m,k
p,θ
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X =
⋃
m,k∈N∗
Λm,k.
Using the theorem of Baire it results that there exists (m0, k0) ∈ N∗ × N∗ with the property
that there exist x0 ∈ Λm0,k0 and δ > 0 such that D(x0, δ) ⊂ Λm0,k0 . Thus, by Theorem 3.1
applied for N = Nm0 we conclude that π is uniformly exponentially stable. 
Theorem 3.3. Let N : R∗+ × R+ → R+ be a function such that for every t > 0, N(t, ·) ∈ C
and for every s  0, N(·, s) is nondecreasing. For every m ∈ N∗ let (tmn )n∈N be a sequence
such that
sup
n∈N
|tmn+1 − tmn | < ∞.
Let π = (Φ,σ) be a linear skew-product flow on E . If for every x ∈ X there is α(x) > 0
and mx ∈ N∗ such that
sup
θ∈Θ
∞∑
n=0
N
(
α(x),
∥∥Φ(θ, tmxn )x∥∥)< ∞
then π is uniformly exponentially stable.
Proof. For every k ∈ N∗ let Nk = N(1/k, ·). From hypothesis, for every x ∈ X there is
(kx,mx) ∈ N∗ × N∗ such that
sup
θ∈Θ
∞∑
n=0
Nkx
(∥∥Φ(θ, tmxn )x∥∥)< ∞. (3.2)
Let ϕ : N∗ → N∗ ×N∗, ϕ(n) = (ϕ1(n),ϕ2(n)) be a bijective function. Let N˜m = Nϕ1(m)
and (smn ) = (tϕ2(m)n ), for every m ∈ N∗.
Let x ∈ X and let (kx,mx) ∈ N∗ × N∗ such that (3.2) holds. Then, for m = ϕ−1(kx,mx)
we have that
sup
θ∈Θ
∞∑
n=0
N˜m
(∥∥Φ(θ, smn )x∥∥)< ∞.
Applying Theorem 3.2 for (N˜m) and (smn ) we obtain that π is uniformly exponentially
stable. 
Remark 3.1. The above results generalize Theorem 3.2 in [9].
As a consequence of the above theorem we obtain the version of Zabczyk’s theorem
(see [20]), for the case of uniform exponential stability of linear skew-product flows.
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and for every s  0, N(·, s) is nondecreasing. Let π = (Φ,σ) be a linear skew-product
flow on E . If for every x ∈ X there is α(x) > 0 such that
sup
θ∈Θ
∞∑
n=0
N
(
α(x),
∥∥Φ(θ,n)x∥∥)< ∞
then π is uniformly exponentially stable.
Proof. It immediately follows by Theorem 3.3 for tmn = n, for all (m,n) ∈ N∗ × N. 
By the previous result we deduce a generalization of the stability theorem due to
Rolewicz (see [17]), for the case of uniform exponential stability of linear skew-product
flows.
Theorem 3.4. Let N : R∗+ × R+ → R+ be a function such that for every t > 0, N(t, ·) ∈ C
and for every s  0, N(·, s) is nondecreasing. Let π = (Φ,σ) be a strongly continuous
linear skew-product flow on E . If for every x ∈ X there is α(x) > 0 such that
sup
θ∈Θ
∞∫
0
N
(
α(x),
∥∥Φ(θ, t)x∥∥)dt < ∞
then π is uniformly exponentially stable.
Proof. Let M , ω be given by Definition 2.2 and let L = Meω. We consider the function
N1 : R∗+ × R+ → R+, N1(t, s) = N
(
t,
s
L
)
.
For every (x, θ) ∈ E and n ∈ N∗ we have that∥∥Φ(θ,n)x∥∥ L∥∥Φ(θ, s)x∥∥, ∀s ∈ [n− 1, n],
so
N1
(
α(x),
∥∥Φ(θ,n)x∥∥)N(α(x),∥∥Φ(θ, s)x∥∥), ∀s ∈ [n− 1, n].
It follows that
N1
(
α(x),
∥∥Φ(θ,n)x∥∥)
n∫
n−1
N
(
α(x),
∥∥Φ(θ, s)x∥∥)ds, ∀n ∈ N∗,
so
∞∑
n=1
N1
(
α(x),
∥∥Φ(θ,n)x∥∥)
∞∫
0
N
(
α(x),
∥∥Φ(θ, t)x∥∥)dt.
Using the hypothesis, we obtain that
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∞∑
n=0
N1
(
α(x),
∥∥Φ(θ,n)x∥∥)
= N1
(
α(x),‖x‖)+ sup
θ∈Θ
∞∑
n=1
N1
(
α(x),
∥∥Φ(θ,n)x∥∥)
N1
(
α(x),‖x‖)+ sup
θ∈Θ
∞∫
0
N
(
α(x),
∥∥Φ(θ, t)x∥∥)dt < ∞.
Applying Corollary 3.1 for N1 we obtain that π is uniformly exponentially stable. 
Remark 3.2. The above result is a generalization of Theorem 3.4 in [9].
4. An application for the case of evolution families
As consequences of the main results from the previous section, we deduce general
characterizations for the uniform exponential stability of evolution families on the half
line and on the real line, respectively.
Let X be a Banach space. Let J ∈ {R+,R} and let F be the set of all nondecreasing
functions N : R+ → R+ with N(0) = 0 and N(t) > 0, for all t > 0. We denote by C the set
of all continuous functions N ∈F .
Theorem 4.1. Let U = {U(t, s)}t,s∈J, ts be an evolution family on X. Then U is uniformly
exponentially stable if and only if there are a function N ∈F , a sequence (tn) ⊂ R+, x0 ∈
X and two constants K,δ ∈ (0,∞) such that:
(i) supn∈N |tn+1 − tn| < ∞;
(ii) sups∈J
∑∞
n=0 N(‖U(s + tn, s)x‖)K, for all x ∈ D(x0, δ).
Proof. It follows by Theorem 3.1 and Example 2.2. 
Theorem 4.2. Let U = {U(t, s)}t,s∈J, ts be an evolution family on X, let (Nm)m∈N∗ ⊂ C
and for every m ∈ N∗ let (tmn )n∈N ⊂ R+ be a sequence such that
sup
n∈N
|tmn+1 − tmn | < ∞.
If for every x ∈ X there is m ∈ N∗ such that
sup
s∈J
∞∑
n=0
Nm
(∥∥U(s + tmn , s)x∥∥)< ∞
then U is uniformly exponentially stable.
Proof. It results by Theorem 3.2 and Example 2.2. 
A.L. Sasu, B. Sasu / Bull. Sci. math. 128 (2004) 727–738 737Theorem 4.3. Let N : R∗+ × R+ → R+ be a function such that for every t > 0, N(t, ·) ∈ C
and for every s  0, N(·, s) is nondecreasing and for every m ∈ N∗ let (tmn )n∈N be a
sequence such that
sup
n∈N
|tmn+1 − tmn | < ∞.
Let U = {U(t, s)}t,s∈J, ts be an evolution family on X. If for every x ∈ X there is α(x) > 0
and mx ∈ N∗ such that
sup
s∈J
∞∑
n=0
N
(
α(x),
∥∥U(s + tmxn , s)x∥∥)< ∞
then U is uniformly exponentially stable.
Proof. It follows by Theorem 3.3 and Example 2.2. 
Remark 4.1. The above results are generalizations of some theorems due to Zabczyk (see
[20] and also [4]) and to Przyluski and Rolewicz (see [16]), respectively.
Theorem 4.4. Let N : R∗+ × R+ → R+ be a function such that for every t > 0, N(t, ·) ∈ C
and for every s  0, N(·, s) is nondecreasing. Let U = {U(t, s)}t,s∈J, ts be an evolution
family on X such that for every (s, x) ∈ J ×X the function t → U(s + t, s)x is continuous.
If for every x ∈ X there is α(x) > 0 such that
sup
s∈J
∞∫
0
N
(
α(x),
∥∥U(s + t, s)x∥∥)dt < ∞
then U is uniformly exponentially stable.
Proof. It results by Theorem 3.4 and Example 2.2. 
Remark 4.2. For J = R+, the above theorem has been obtained by Rolewicz in [17], in
the hypothesis that for every x ∈ X the mapping (t, s) → U(t, s)x is continuous.
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